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INTRODUCTION 
THIS IS A generalization of a paper by Thurston[l], who proved that there is a 
surjection 
H,(BI-,; 2)-R 
BI, being the classifying space for smooth Haefliger-structures of codimension 1 
(see PI). 
The idea is to take the Godbillon-Vey class h,c, E H3(BII; R) (see [3]) and 
evaluate it on H3(BII; 2) or rather on the image of the top-dimensional homology 
class for certain maps 
M’+Br, 
M3 denoting a smooth, orientable 3-manifold with a foliation of codimension 1. M3 
can be chosen to be the unit tangent bundle T,(M&) of singular 2-manifolds with 
constant negative curvature, with certain solid tori (S’ x 0’) glued on. 
In this paper we will present a similar construction, and we will prove that there is 
a surjection 
H5(Bl-*; Z)+ R@R 
BrZ being the classifying space for smooth HaefIiger-structures of codimension 2 (see 
PI). 
The idea is to take the Godbillon-Vey class hlc12 E HS(BT2; R) (see [3]) and 
another exotic class hlc2 E HS(BT2; R) and evaluate them on HJBT,; Z) or rather on 
the image of the topdimensional homology class for certain maps 
M'+Bl-2 
M5 denoting a smooth, orientable 5-manifold with a foliation of codimension 2. MS 
can be chosen to be the unit tangent bundle TI(A4&,) of singular 3-manifolds with 
constant negative curvature, with certain manifolds glued on. 
51. DEFINITION OF THE EXOTIC CLASSES 
This section is based on Bott141 and Haefligert51 (consult also Bott[6] for another 
definition of the exotic classes). 
Let a, be the Lie-algebra of orientation-preserving formal vector fields on R4 (that 
is jets of vector fields based at 0 E P). The algebra A*(a,) of alternating functionals 
on a, is an exterior algebra AA’ where 
A’(a,) = {ai, a:‘, ab, . . . } 
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with the elements given by the following formula: 
a’(x) = f’(0) 
a/(X) = af/aXj(O) 
ajk(X) = af'IaXjdXk(O) etc. 
for the vector field 
X = tfia/aXi. 
i=l 
A*(a,, SO (4)) is the subalgebra of SO (q)-basic elements. By a theorem of 
Gelfand-Fuchs[7] H*(a,, SO (4)) is known, and in particular it follows that the 
elements h,cIZ, hlcz and c2 are a basis of H*(a2, SO (2)) where 
h, = a; 
cl = dh, 
c2 = akaj,al,$ II. 
Definition of the exotic classes 
Given a foliation on M with trivial normal bundle Y of dimension q. Consider the 
induced foliation 9 on Y by some exponential map. This foliation is transverse to the 
fibers. Define a map 
Vp EM m:T,M+a, 
by lifting v E T,M to a vectorfield 0’ along the fiber v,, and tangent to the foliation, 
Fig. I. 
Now project down to the fiber according to some trivialization of v, this gives 
m(u) E a, SO m*: A*(aq)-+ A*T(M) is defined and commutes with the differentials, 
hence gives 
H*(m): H*(a,)-+H&dM) 
the image of which is the exotic classes. Notice that this does not depend on the 
exponential map, but it depends on the framing. 
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Assume that a/&r,, . . . , c?/%x, span the normal bundle v and let ml,. . . , oq be dual 
to a/ax,, . . . , a/ax, and tii(9) = 0. 
By the Theorem of Frobenius we have 
Now compute 
and assume 
m(u) = ~ajalaxj 
i 
then 
- Oi([fi, a/ax,]) = Wi C (aaj/axk)a/axj = aailaxk 
i 
On the other hand 
so 
a,‘(m(u)) = -w”(v’) 
This will be used in 02. For further details see Pittie[8]. 
If the normal bundle is not trivial we do the same thing with the foliation on the 
frame-bundle F(M) of v induced by z F(M)+ M, the natural projection. The normal 
bundle to this foliation will now be trivial with a natural trivialization. So we get the 
exotic classes by the maps 
H*(a,) -+ H2;dWW and 
H*(aq, SO (4)) + f%dF(M)ISO (4)) = Hfdt4) 
Since the maps are functorial, there is a universal map 
H*(a,, SO (q))-+H*(Brq; R) 
For further details see Haefliger[5]. 
Now we will apply this definition of the exotic classes. It turns out that the kind of 
foliations that are best fitted for this are given by a Lie-algebra representation: 
where g is the Lie-algebra of some Lie-group G and Mq is a compact q-dimensional 
manifold and x(Mq) is the Lie-algebra of vector fields on Mq. This gives a foliation on 
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G x Mq transverse to the Mq-factor. If H denotes a maximal compact subgroup of G and 
r a discrete subgroup chosen so that H\G/I is compact (see Borel[9]), a foliation is 
defined on H\G ; Mq which is an Mq-Bundle over H\GIT. 
§2. EXAMPLE 1: SO(n, 1) ACTING ON s”-’ 
Using the terminology at the end of 91 we will study the following example: 
Let the Lie group G = SO(n, 1) the maximal compact subgroup H = SO(n) and 
MQ = S”-‘. 
SO(n, 1) acts as isometries on hyperbolic space H” and so on its boundary S”-‘, 
the n - 1 sphere. Thus we have maps 
SO(n, I)+Diff(S”-‘) 
so(n, l)+x(S”-1). 
According to 01 we get a foliation on 
SO(n)\SO(n, 1) X S”_’ = SO(n - l)\SO(n, 1) 
whose normal frame bundle is 
sm - I)+ SO(n, l)+ SO(n - l)\SO(n, 1). 
To find the framing of the normal bundle we study the Lie-algebra so(n, 1) 
( 0 a a’ > so(n) * 
For our purpose it will suffice to do it for n = 3: 
(1) Normal frame 
I *(eo2 + ezo - e12 + e2J with dual Cz 
f(eoj + e30 - e13 + e3,) with dual K$. 
(2) Subalgebra 1 generated by 
- e23 + 62 with dual w3* 
e0l + 60 with dual wI 
$(eo2 +ezo + e12 - e2i) with dual w2 
$(eo3 +e30 + e13 - e3,) with dual w3. 
The leaves of the foliation on SO(3, 1) are spanned by 1. Notice that e, (i, j = o, ,, *, 3) is 
the 4 x 4 matrix with 1 in the (i, j)th entry and 0 elsewhere. Now the differential 
structure on so(3, l)* is given by 
dw, = ;(G2w2 + +w3) 
dG2 = - G2w, - +‘,w3* 
CONTINUOUS VARIATION OF FOLIATIONS IN CODIMENSION TWO 339 
dw, = w?w, - wjw3* 
dwj = wjw, + wzw3* 
dw3* = ;(w2&+ s2w3) 
So following the procedure outlined in §I 
&j, = f(w*K5+ w363) 4(w*G3+ &w3) ( f(W3G*+ @3W*) $(Wz*I+ W3*3) 1 ’ 
Now we have a codimension 2 foliation on 
SO(2)\SO(3, 1)/L- 
and 
h, = -2w, 
c, = w*w*+ wjKJ’3 
c* = 0 
h,C,* = -4w,w2,6’zw36’3 
h,c2 = 0. 
This example will be used in 05. 
Notice that Yamato[lO] has examined the example in this section very carefully. 
53. EXAMPLE 2: Sf(2, R) x R ACTING ON S* 
Again using the terminology at the end of 91 we will study the following example: 
Let the Lie-group G = S/(2, R) x R the maximal compact subgroup H = SO(2) and 
Mq = S*. There is a natural action of S/(2, R) on S’: S/(2, R)+Diff(S’) with 
corresponding map p: s/(2, R) + x(Y). Now let the map 
6: s/(2, R) x R +x(0’) 
be given by 
Va E s/(2, RI: p(a) = p(a)-fdivp(a) . y(r). R 
e E R: p(e) = Xy(r)d/ar 
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e is the generator of R 
r denotes the radius of the disk D2 
A E R is some constant 
y: [0, l]+ R 
is chosen such that 
y(r) = sin r near 0 
y(r) = 0 near 1. 
We also get a map 
sf(2, R) x R -+x(S2) 
by gluing two copies of the above together. According to 91 we get a foliation on 
SO(2)\S1(2, R) x R ;S2 
and by the computations in Heitsch [ 11, 121 or Rasmussen [131 we have 
h&l2 = 2A * vol 
h,c2 = A * vol 
if we use A on one disk and -A on the other. Thus in order to show independent 
variation of the classes we need only exhibit a family of foliations for which h,c,* and h,c2 
varies in such a way that the ratio is never 2. We do this by adding singular examples 
corresponding to Examples 1 and 2 in 9 2 and 03. 
$j4. CORRESPONDING SINGULAR EXAMPLES 
In this section we will show how one can modify already defined foliations. First 
we use the foliation described in 92 on SO(2)\SO(3, l), i.e. the unit tangent bundle of 
hyperbolic 3-space H3. A lemma about the geometry of H3: 
LEMMA 4.1. Given 3 planes pI, p2, and p3 not intersecting in a line, then there are 
two possibilities 
(1) ~m,np~=~t. (2) P~-uJ~~P,=~ 
and in case (2) there are 2 choices. 
(a) pI rl pz, p1 fl p3 and p2 n p3 has a minimal distance (taken in pairs) and there is 
a unique plane _~p,, p2 and p3. 
(b) pI fl p2, pl rl p3 and p2 n p3 are parallel. 
Proof. We use a similar fact from HZ: Given two lines II and lz then either 
(1) Iln12=pt.or(2)1,n12=0 
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in case (2) either 
(a) I, and l2 has a minimal distance or (b) I, and l2 are parallel. 
Then the choice between (1) and (2) is trivial, and in case (2) look at the lines 
pl n p2 and p1 II p3 they lie in a common plane (p,) hence the fact from H2 applies. 
Q.E.D. 
Now we want to build triangles in H3. 
LEMMA 4.2. Given 6 angles &, 013, &, 013, t324 and Ox4 s.t. Vk,zt@j < T then up to 
isometry there exist uniquely 4 planes pi, p?, p3 and p4 s.t. the angles of intersection 
<(pi, pi) = 0, and s.t. each of the 4 sets of 3 planes satisfy (2a) in Lemma 4.1. 
Proof. We use a similar fact from H2: Given angles 8,, B2 and e3 with ;$,Bi < 7rTT, 
then there exists up to isometry a unique triangle with these angles. 
So we start somewhere by building a triangle ABC (in a plane) with the angles e12, 823 
. and 0r3. This determines the three planes p,, p2 and p3 uniquely and the lines p, fl p2, 
p2 n p3 and pI rl p3. What remains is to find p4 s.t. Q(p,, p4) = &,, Q(p,, p4) = 024 and 
Q(p,, p.,) = 634. We will now show that we can use the length of AD as a parameter 
instead of f& So suppose e14, e24 and AD are known, then the triangle DEF is 
determined and the lines pI n p4 and p2 r7 p4 are known as well as the plane p4 itself. 
According to lemma 4.1 there are 3 possibilities for p2, p3 and p4: (1) p2 fl p3 fl p4 = pt. 
(2a) p2 fl p3, p2 n p4 and p3 fl p4 has a minimal distance. (2b) p2 n p3. p2 n p4 and p3 fl p4 
are parallel. 
E 
Fig. 2. 
It is geometrically obvious that when D gets close to A we will be in case (1). As D 
moves out we will reach case (2b) at a certain point Do, and as D moves even further 
we have case (2a). And furthermore, as D moves from DO to infinity, r934 goes from 
x - (823 + f924) to 0, and the correspondence is one-to-one. Q.E.D. 
We want to build a smooth manifold given the figure from Lemma 4.2. To that end 
take such a unit I and consider the mirror-image II in one of the planes. Consider the 
mirror-image (III and IV) of that unit (I and II) w.r.t. one of the orthogonal faces. This 
gives a 4-tupled unit. Now we begin identifying sides. Look at the angle 28 between 
the planes BCD in I and BCE in II. Make a rotation of angle 28 of unit (I and II) with 
BC as axis. We will identify BCE with BCD then. and identify S2 above BCE with S2 
above BCD under a rotation of angle 28. We have to take care of two things under the 
identifications: (1) the identification gives a smooth manifold: (2) the identification on 
the S2-bundle preserves the foliation. For (1) note that the unit (I and II) is smooth 
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Fig. 3. 
and the identifications are made similar to this picture. For (2) note that the foliation is 
invariant under isometries of the S*-bundle, and the isometry corresponding to a 
rotation acts also on S2 as a rotation. 
Now identify ABE - ABD and ACE - ACD, this gives a new unit (I and II)/ - . 
Obtain in a similar way (III and IV)/ - , the new units are now smooth manifolds with 
boundary consisting of 4 spheres each with 3 cone-points. The points are connected in 
pairs by edges (BC is such an edge). The identifications on S2 are not well-defined 
along these edges, geometrically we have a manifold with corners. 
Take (I and II)/ - and glue to (III and IV)\ - along the spheres with cone-points. 
This is already done on (y,, y, and ys) since we could assume the set of identifications 
to be done simultaneously on (I and II) and (III and IV). Now parallel translate the 
whole picture by the distance 21, then (x,, x2 and x3) -(z,, zz and ZJ in the same way 
that (y,, y2 and y3) is a common orthogonal plane in the picture, hence we can glue (x,, 
x2 and XJ to (z,, x2 and z,) in the same way. At the same time we glue S2 above (x,, x2 
and x3) to the S2 above (z,, z2 and zJ) according to the action on S* induced by the 
translation (see Lemma 4.3). 
We do similar identifications for the other 3 spheres with cone-points, and we are 
left with a unit (I and II and III and IV)/ - that is a 3-manifold Mi,,, with constant 
negative curvature and a foliation on the unit tangent bundle, except along the 6 edges 
which are now 6 circles (of lengths 2f,, . . . ,2&). We cut out a tubular neighborhood 
IVt(i=l,... ,6), alv,’ = r?. The foliation on r2 x S2 is determined by the’ holonomy 
which is generated by 2 commuting diffeomorphisms of S2. This holonomy can best 
be described by looking at what happens to a neighborhood of an edge (like BCF) in 
(I and II and III and IV) before and after identifications. Before we have a wedge with 
length 21 and angle 28. The edge is the line through OP and the identifications are 
KL - NM by a rotation of angle 28 and KN - LM by a translation of length 21. S2 
above is identified via the induced transformations. Now it is clear that a rotation 
induces a rotation on S2 of the same angle. What happens to a translation? 
LEMMA 4.3. A translation of length 1 induces a contraction on S2 from south to 
north given by integration of the vector field 1 sin r-alar with r denoting the distance 
from the north pole (see Fig. 4). 
So we have proved the following 
THEOREM 4.4. For any given set of 6 angles {&}p=, = {012, &, 014, &, tYz4 and ej4} 
with Vk C e, c 7~ there is a manifold MI;,, with constant negative curvature, 
Lj + k 
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s 
21 
Fig. 4. 
a(M&) = ii,TJ and a foliation on the unit tangent bundle ouer it. The holonomy on 
T2 x S2 is generated by a rotation of angle 28i and a contraction given by the 
vectorfield 2lisin ra/&, with (26i, 21,) denoting the parametrization of Tf. 
In 03 we described a foliation on 
SO(2)\S1(2, R) x R :S2 
which we will now modify by looking at Sl(2, R)/Z, = SO(2,l) in pretty much the 
same way as we did for SO(3, 1). Consider SO(2, 1) as the unit tangent bundle over 
H2. Then construct a singular manifold M& of constant negative curvature in the 
following way: Glue the sides together as indicated in the picture (on Hz). By the 
same type of arguments as before we get a manifold A4& with a cone and a foliation 
on the unit tangent bundle over it. 
a b 
Fig. 5. 
Notice that VOl(M&) = 8. The holonomy on a(Mfing) = S’ is a rotation of angle 8. 
So we have proven the following: 
THEOREM 4.5. There is a foliation on the S2-bundle over M& x S’ with holonomy on 
the boundary (= T2) generated by two commuting diffeomorphisms, one a rotation of 
angle 8 the other a contraction from the south pole to the north pole, but trivial It the 
equator. 
55. GLUING OF THE SINGULAR EXAMPLES 
We want to link the foliation given in Theorem 4.4.and the foliation in Theorem 
4.5. Both have boundary diffeomorphic to T2 x S2 but the holonomy is different. 
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In case (1) we have a rotation and a contraction from south to north. In case (2) we 
have a rotation and a contraction from south to north but trivial at the equator. 
If we parametrize S2 as [0,27r[ x [O, P] we have a rotation in the first factor and 
cp, $ E Diff[O, ~1 in the second. They correspond to vectorfields 
cp = sin (r) d/ar 
CL = y(r) alar 
i 
sin(r) for r near 0 
y(r) = 0 for r near 7r/2 
sin (r) for r near 7r 
See 83 for the choice of y(r). We want to conjugate cp and I). 
By Mather [ 141 we have 
H,(BDiffK R;Z) = 0 
which means that I)-‘cp can be written as a product of commutators y. 
Consider the foliation on the S2-bundle over S’ U I U S' with holonomy (cp, id, +), 
The holonomy along the path indicated is then 
((PYYP = Y 
Hence the foliation extends over a handle attached to the path. If we multiply the 
whole picture by S’ we have conjugated the two foliations we had on T2 x S2. 
Fig. 6. 
So we have constructed a foliation on an S2-bundle over a certain 3-manifold in 
three steps: First over M& as in Theorem 4.4, then 6 links as above and finally 6 
copies of Mfing x S’ as in Theorem 4.5. 
THEOREM 5.1. 
I sjhlCa)[MZing U Wink U MIing X S')l 
= (U,‘VOl(M~i.& + U24( $liOi)) . VOl S2 
with h’c, denoting hlc12. or hlc2 and a,‘, ae2 being certain constants. 
Proof. It is fairly obvious that the total contribution is the sum of the con- 
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tributions, hence it is enough to show that the links do not contribute. But if we take 
two links L, and Lz with rotations 8, and &, then we can make connected sum LI#L2 
in the S-direction. 
Then we have 
h,c,[JL#~*l = hc,Ll+ h,c,[~*l 
and L,# has a rotation of angle & + Oz. 
So if we define 
we get 
and hence 
fw, + e2) = fw + f(e,) 
f(e)=o. 
THEOREM 5.2. The foliations in theorem 5.1 give a family of foliations such that 
h,c,* and h,c2 vary in such a way that the ratio is never 2. 
Proof. First according to 92 and 3 we have: 
for 
h,c,*: a*‘=4 a:=2 
for 
h,c2: a,‘=0 aa2= 1. 
So the ratio can not be 2. 
Second we have to show that VOl(Mfi”& is not constant. The last part of this 
section 
Let 
hedron 
will be devoted to that problem. 
us start by considering a double-rectangular tetrahedron ABCD, i.e. a tetra- 
such that AB_LBCJ.CD. 
c 
e 
Fig. I. 
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The dihedral angles at the edges AC, BC and BD are all 7r/2 and the tetrahedron is 
determined uniquely by the dihedral angles 7r/2 - a, p and 7r/2 - y at the edges CD, 
AD and AB. Lobatschefsky essentially gave the following formula for the volume 
(see Coxeter [ 151). 
(*) 4 vol (a, /3, y) = =$,( - 1)” y (cos 2na - cos 2np + cos 2ny - 1) 
with d denoting 
a = Arc cos 
sin a sin y 
V( . z 
sin a - sin’ p + sin’ y) > * 
We want however to compute the volume of a tetrahedron with “ideal” vertices, that 
is a tetrahedron which is “chopped off” by a perpendicular plane at each vertex. 
Fig. 8. 
Such a tetrahedron is uniquely determined by the six dihedral angles 8,, . . . , &. By 
gluing the faces of four of these together we get the singular 3-manifold Main*, with 
constant negative curvature used in Theorem 5.1. Also a certain number of these 
tetrahedra match up to give non-singular 3-manifolds of constant negative curvature 
if ei = r/ni. To compute the volume of such a tetrahedron we divide it into 24 
double-rectangular tetrahedra with one “ideal” vertex. In order to simplify things we 
will assume 8, = . . . = & = 28 with 0 < 8 < ~r/6. One of these 24 tetrahedra is then the 
following: . 
(Notice that the limit cases are: The regular octahedron with vertices at infinity for 
0 = 0. The regular tetrahedron with vertices at infinity for 8 = r/6). 
Fig. 9. 
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A is the center of the original tetrahedron. B and B’ are gotten by drawing 
perpendiculars from A to the faces, and C and c’ by drawing perpendiculars from B 
and B’ to the sides. Now ABC’(B’CD) is a double-rectangular tetrahedron with one 
“ideal” vertex (B’CD). As before the dihedral angles at the edges AC’, BC’ and BC 
are all 7r/2 and the tetrahedron is determined uniquely by the dihedral angles ?r/2 - (Y, p 
and 7212 - y at the edges CD. AB’ and AB. In our case 
ff = 7rl2- e,p = 7~13 and y = 7d6. 
However, we do not know if (*) gives the volume, because one of the vertices is not 
actual, that is 
So to continue we split this tetrahedron into 3 double-rectangular tetrahedra T,, T? 
and T3 with actual vertices and apply (*). 
Fig. IO. 
P 
T,: AB’CD 1r,2 - “aACB’ 
Y 
QB’E’F’ 7716 
Tz: ABCD QACB’ n - (QB’E’F’ + QC’EF) r/2 - QCBD 
T$ ABC’D 7~12-8 QC’EF 1~16 + QCBD’ 
In all these cases (~,y < /3 and (*) applies. The angles QACB’, QB’E’F’, QC’EF and 
QCBD are computed from the laws of sine and cosine in hyperbolic geometry (see 
Coxeter[ 161). For our purpose here we are mainly interested in obtaining different 
volumes so we will conf-me ourselves to that problem. Let us look at the limit cases: 
B-0 a p y a 4Vol 
T, : 7~14 ~14 1~16 ~14 0.305321 
T2: 7r/4 d4 d6 1~14 0.305321 
T,: 7212 Tl2 IT/2 0 0 
4 Total vol 0.610642 
4vol(7r!4,~~/4,rr/6)=;(( I-$)+(&$)+...)-0.305321 
2 ~4 Vol(714. 9714, 7r/6) = = 4Vol(n/2, ~13, 7r/6) - 0.610642 
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CUP Y 3 4Vol 
0 ITI6 d6 Id3 0 
d/2 Ill2 T/2 0 0 
1~13 1~13 ~16 7216 0.169158 
4Total vol 0.169158 
4vol(d3, 1713, 7rl6) =T((l-;)+($-$)+ . ..)-0.169158. 
4 Total 
volume 
0.610642 
0.169158 
0 r/6 8 
Fig. II. 
The volume of a tetrahedron with “ideal” vertices and dihedral angles 8, = . . . = & = 
28 is then 
24 Total vol (6) 
Therefore the volume of the singular manifold M& in Theorem 5.1 of negative 
curvature is 
4 x (24 Total volume (19)) 
Hence it is not constant which was what we intended to show. 
Note added in proof. Fuchs[l7] has given a general argument having the independence and continuous 
variation of all the erotic characteristic classes. 
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